Abstract

The frog model FM(d, p) with drift p starts with an
active particle at the root of the infinite d-ary tree and
dormant particles at each non-root site. In discrete time,
active particles move towards the root with probability
p, and otherwise move to a uniformly sampled child ver-
tex. When an active particle moves to a site containing
dormant particles, all the particles at the site become
active. The critical drift py is the infimum over all p

for which infinitely many particles visit the root almost
surely (that is, the system is recurrent). We have im-
proved bounds on sup,~,, pg and proved monotonicity
of critical values associated to a self-similar variant.

Fig. 1: frog model on the 2-ary tree

Background

The frog model can be viewed as a model of combustion,
rumor spread, infection, etc. The behavior of frogs on
the lattice Z9 has been well-studied, but their behavior
on trees remains a difficult question.

Things we knew previously:

o py > — for all d
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lmprovement on the upper bounds

Define S, = supy>,, pg, then it satisfies the following:

m 2 3 4 5 6 7 8 9 10 11 12 13
G < 55 4 40 23 46 23 38 20 15 5 7 1
m —1 159 145 153 94 197 102 1/3 93 /1 24 34 54
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Establishing these bounds relies heavily on a modified self-similar ..

frog model SEFM(d, p). It has several key properties:
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e Every vertex now has independent Poi(1) dormant frogs initially e
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e Frogs die upon hitting the root.
Fig. 2: bounds on S, for 2 < m < 60

The self-similar structure and the Poi(1)-per-vertex setup simplify
the analysis significantly. In particular, if p makes SFM(d, p) recurrent, then it makes FM(d, p) recurrent.

We have shown that the number of root visits in SFM stochastically increases as d, the degree of the tree, increases.

Methods for establishing bounds

The jump probabilities in SFM(d, p) now depend on two quantities:

p* _ p(d - 1) and A P
T d—(d+1)p 1—p
The frog star introduced in [BJL23] can be viewed as a single self-similar unit of SFM.
_et U denote the number of vertices among v, . .., v4 that are visited in the end.

~or a given pair (d, p), define

d—1
FEP(A) = e Py eI PIHIRP(U = u),
u=0

It can be shown that a sufficient condition for SFM to be recurrent is if

The coupling argument

A coupling argument tells us that SFM(d, p) has
stochastically more root visits as d increases. There-
fore the bound on p,,, we computed makes SFM(d, p),
and hence FM(d, p), recurrent for all d > m.
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Fig. 6: the coupling argument

We remark that Vsem(g,p) = Vsrm(d+1,p) SUppOrts con-
jecture 3.

A follow-up result

We define

gq = inf{p : sup fd’p()\) < 1},
A>0

the minimal probability that satisfies equation (1). Us-
iIng a basic analysis argument, we have shown that this
qq is strictly decreasing in d. This provides evidence
towards conjecture 1.
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