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Introduction

The Lorenz equations [1] are a severe Galerkin-truncation of theOberbeck-Boussinesq (OB) equa-

tions describing Rayleigh-Bénard convection (RBC). Here, we examine the mathematical connec-

tions between the chaotic lobe-switching behavior of the stochastic Lorenz equations and the

meanwind reversals in the experiments of Sreenivasan et al. [3]. Long-time numerical simulations,

not easily accessible with the OB equations, yield a probability distribution for lobe inter-switch

timings that exhibits non-Gaussian, multifractal behavior, whereas in the Gaussian frequency

range we mirror the laboratory measurements. The classical Hurst exponent and quadratic vari-

ation reveal Brownian second-moment statistics. This demonstrates that the stochastic Lorenz

system is a faithful, low-dimensional surrogate for mean-wind reversals in RBC.

Stochastic Model

We force the Lorenz-63 equations [1] with a Gaussian white noise process ξ and amplitude α̂ viz.,

dX

dt
= σ(Y − X), dY

dt
= X(ρ − Z) − Y,

dZ

dt
= −βZ + XY + α̂ξ(t), (1)

where X is the direction and intensity of the convective roll, Y (Z) is the deviation from linearity

of the horizontal (vertical) temperature profile, σ is the Prandtl number, ρ is the reduced Rayleigh

number, and β is a geometric parameter. The system is ergodic and admits at least one stationary

measure [2].

Reversal Tracking

In Sreenivasan et al.’s data, the mean-wind shows chaotic direction reversals [3]. They define Tn

as the time between 0 and the nth such reversal, which is shown to be approximately linear in n.
Its deviation from linearity (investigated, but not explicitly named, in Ref. [3]) is given by

Gn = Tn − (a n + b), (2)

which is a stochastic process. Analogously we compute Gn by tracking sign-changes of X , which

encode convective roll reversals. The power spectral density (PSD) of Gn, both experimentally

and numerically, yields a PSD decay scaling of approximately -2.

Figure 1. The PSD of Gn from Sreenivasan et al. [3] (left) and our numerical runs (right). The insets show probability

distribution functions (PDF) with the expected Gaussian-fit quadratics.

While our PSD has the signature Gaussian scaling, our raw PDF is not Gaussian as in Ref. [3].

However, restricting our Gn to the frequency range
[
10−4, 10−2] yields a Gaussian PDF.

Figure 2. The unfiltered PDF for Gn (left) compared to the filtered G̃n PDF (right).

Second Moment Testing

The local Hurst exponent autocovariance function (ACVF) indicates that Gn is a fractional Brow-

nian motion. Its time-averaged mean square displacement (TAMSD) as a function of lag, ∆, is

TAMSD(∆) = 1
N − ∆

N−∆∑
n=1

(Gn+∆ − Gn)2, (3)

yielding the classical Hurst exponent, H , through TAMSD(∆) ∝ ∆2H .

Figure 3. The local H ACVF (left) paired with the TAMSD and its global H estimate.

A Hurst exponent of H ≈ 0.5 is defined by a Wiener process.

Multifractal Analysis

Key Formulae

We divide the full Gn time series of length N into bN/`c non-overlapping blocks using scales `.
The imposed measure, for some block Bj(`), is defined by

µ[Bj(`)] =

∑
n∈Bj(`) |Gn|∑N

n̂=1 |Gn̂|
, (4)

from which the q-moment partition function is defined by

χ(q, `) =
∑

j

(
µ[Bj(`)]

)q `→0∼ `τ (q). (5)

The mass-scaling exponent, τ (q), is equivalent to (q − 1)Dq, where Dq are the Rényi dimensions.

A Legendre transform connects τ (q) to the Hölder exponent, α(q), and the multifractal spectrum,

f (α) := qα(q) − τ (q) [4].

Numerical Estimates

It is found that τ (q) admits a spectrum that is non-linear in q, which exhibits multifractality in Gn.

The Rényi dimensions and multifractal spectrum follow suit.

Figure 4. The mass-scaling exponent, τ (q), plotted against each realized moment with the differing slopes fitted

with blue lines (left). The Rényi dimensions are plotted against each moment q (center) and the multifractal

spectrum is shown for the full range of realized Hölder exponents (right).

Cantor Cascade

The chosen measure, µ, assigns large density to large magnitude inter-switch timing deviations

and small density to the high-frequency oscillation about the linear trend. To replicate the mul-

tifractal behavior of Gn with an analytic formulation, we enact a Cantor set cascade that begins

from a unit-length support.
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Figure 5. The three-pronged Cantor set

cascade showing the pattern of fractal

iteration.

We define two equivalent branches of larger mass that

correspond to large bursts in Gn, while a central, smaller

mass branch corresponds to high-frequency scatter about

the mean. Accordingly, 2p1 + p2 = 1 (2l1 + l2 = 1), such
that p1 > p2 (l1 > l2). It follows that the covering count,

N(ln), gives values for both α and f (α) for a cascade of

n = n1 + n2 steps with n1 type p1 steps and n2 type p2
steps via

N(ln) = 2n1

(
n

n1

)
∼ l

−f (α)
n , and α = lim

n→∞
log pn

log ln
. (6)

Here, pn = pn1
1 pn2

2 and ln = ln1
1 ln2

2 .

The mass-scaling spectrum, Rényi dimensions, and multifractal spectrum are recreated; they ex-

hibit good agreement with the numerically estimated versions.

Figure 6. Analytic τ (q) (left), Dq (center), and f (α) (right) with l1 = 0.35, p1 = 0.4.

Summary

Sampling the numerical frequencies within a particular range acts to “Gaussianize” data by

foregoing high-frequency jitter and low-frequency undulation showing how central limit

theorem effects dominate.

The inter-switch timing process, Gn, is a Wiener process at second moment.

The inter-switch process is a multifractal and has temporally non-uniform singularity scaling

that can be replicated by an analytic Cantor cascade formalism.

The results provide a simple quantitative framework for experiments of Sreenivsan et al. [3].
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